Linearised Gravitational Wave Solution to the

Einstein Field Equations

A weak gravitational field has the space-time metric
9ab = Nab + €hap + O(€%)
and its inverse is then given by
g% = n® — eh® + O(e?)
where h® = n%nbh,,, so by definition
[ = %Gﬁad (hoae + Peap — hyea) + O(€°)
and it follows by definition

Ry = 2% 21 0
—_———
O(e2)

1
= Ee(had,bc + hoe.ad — Pod.ac — hacpa) + O(€9). (1)

Hence
€
Ryq = 3 (hda,ba + Mo “a — Py — haa,bd) + O(e?)

Let h = h°, and define trace-reversed hap = hap — %hnab as well as h = ECC, then
_ 1—
hab - hab - Ehnab-
Since

— — ¢ —c 1 — —c —c
—0 h(lb + ha ,be + hb ,ac + 577&1) Oh= _nthab,cd + ha ,be + hb ac haab
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using the fact that I" = O(¢), we have

- — c - c 1 -
Rab = (_ O hab + ha Jbe + h’b ,ac + ~Nab O h) + 0(62)

2

where 0 = %V, V,.
By Einstein’s field equations for a vacuum, R, — %Rgab = 0, whence to O(e)
cd

- Dﬁab + Eac,bc + Ebc,ac - E cdlab = 0. (2)

Under the infinitesimal coordinate transformation (a gauge transformation and an isometry)
% — % + €f%(x), we have
T 7 — ef*(3) + O(€?)

dz¢ oz

and g, = Sra 575 Jed implies

gab = Gab — 26f(a,b) + 0(62)
so by comparison with the definition g,, we conclude

hab — hab - 2f(a,b) + O(E)

Taking this as the definition for By and bearing in mind that I' = O(¢), we directly compute
iLad,bc + Bbc,ad - Ebd,ac - ﬁac,bd - h/ad,bc + hbc,ad - hbd,ac - hac,bd

as partial derivatives of f, commute. Hence the curvature tensors are unchanged to leading
order in e.

Now h +— h —2f*  and hap — hap + fcycnab — 2 f(a,p) under the coordinate change,

ab —ab

B = B = 1 = 4 ™+ O(e)

. —ab . . —ab .
so by choosing O f* = R’ b then in the new coordinates 1" b= 0, from which we conclude
that

Ohg, =0
But this means that
Oh=0= 0Oh =
and consequently
Oha =0 3)

using the definition of Reap-
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Consider a gravitational wave
hay = Habeikbxb (4)

in the gauge above, where H,, . = 0. Then by direct substitution in (3) we find
kg =0

and )
fmmzﬁmmb (5)

by substitution of (4) into the gauge condition Eabvb = 0.
We also note that
Heap = Hop + 2k, vy (6)
for any v, leaves (5) unchanged,, so solutions are arbitrary up to (6).
By direct substitution of (4) into (1) and computation, we find Rup.qk? = O(€?).
Finally, if k* = k(1, 0, 0, 1) then to leading order k, = k(—1, 0, 0, 1), and (5) requires

1
HO() + H03 - _éH

Hyo+Hyz = 0
Hy+ Hys = 0

1
Hgo + H33 = §H

and by (6) we can without loss of generality set = 0 and H; = 0, leaving

0 0 0 0
H H
., — 0 11 12 0
0 Hy —Hy O
0 0 0 0

In this we note that H,, must be symmetric by symmetry of the metric tensor, and thus there
are 10 degrees of freedom. Gauge condition (5) fixes 4 and (6) reduces it further by 4, leaving

2 degrees of freedom in the final form.
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